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ABSTRACT 

he following is the very first set of the series in 'Problems and Solutions in a Graduate Course in 
QSIassical Electrodynamics'. In each of the sets of the problems we intend to follow a theme, which 
>ot only makes it unique but also deals with the investigation of a certain class of problems in a 
^^orough and rigorous manner. Figures are not included. 



Two Point Charge System 



Two point charges q and Xq and masses m and am, respectively in vacuum are located at the points 
A(a, 0) and B(yua,0) in the xy plane as shown in the figure. Assume throughout that a > and 

g > 0. 

PROBLEM 1 

I. A. If the sum of the charges is fixed, what value of A will maximize the electric force between 
them? Is the force attractive or repulsive? 

B. If the midpoint of the line joining the charges is fixed, what value of /i will maximize the 
electric force between them? 

II. A. Show that the equation for the lines of force in the xy plane is given by 

A(x — fia) ^ X{x — a) ^ 
\/{x — fiay + y"^ ^(x — ay + y"^ 

where C is a constant. 
B. (i) Show that the equation for the line of force in part III. AD can be written as 

cos 9i + X cos 62 = C. 

Interpret the angles 9i and 62 geometrically, 
(ii) Find the range of values of C for which 



(a) the equation in part II.(B.)(i) has a solution; 

(b) the lines of force pass through charge q; 

(c) the lines of force pass through charge Xq. 

C. What are the equations for the lines of force in the xz and yz planes? 

D. (i) Using the result of part III.A.I show that the equation for the lines of force of an 

electric dipole is 

V {x'^ + y^y = —qV'^- 

(ii) Hence, show that the equation describing the equipotential lines of an electric dipole 
is 

where is a constant. 
III. Consider a plane, which is a perpendicular bisector of the line joining the charges. 
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A. (i) For a fixed value of fi and A, show that the electric field attains its maximum on a 
circle on the plane whose radius is 



1 



1 + A 



x/3-(A-2)2. 



(ii) Find the magnitude of the electric field everywhere on the circle. 

(iii) State the necessary restrictions on the parameters fi and A. 

B. (i) With A fixed, show that the electric field is maximized, if the parameter /i is chosen 
on a circle on the plane whose radius is 

a |(l-/i)(l-A)| 
2 



-(A + 2)2 

(ii) Find the magnitude of the electric field in this case. 

(iii) State the necessary restrictions on the parameter A. 

C. (i) With /i fixed, show that the electric field is maximized, if the parameter A is deter- 
mined on a circle on the plane whose radius is 



(ii) What is the corresponding magnitude of the maximum electric field. 
IV. A. Show that the electric flux passing through the circle described in parts III.(A.)(i)| 



III.(B.)(i)| and |III.(C.)(i)| is given by 

1 - A 



2Txq 



2 fl 



A 



±A 



6A± 1 



-A 



±v/3-(A + 2)2-l 



2V27iq (1 - A) [±Vl + A - V2 

respectively. The ± sign corresponds to /i < 1 and fi > 1, respectively. 
B. Show that if. 



A = - 



jj,a 



then there is no net flux passing through the circle y"^ + z'^ = b'^ at x = 0. 
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V. A. Show that the electric field is zero {neutral point) at 



,0,0 



B. Find the range of values of ^ and A for which each of the location of the neutral points 
is valid. 

VI. A. Show that the equipotential surface for which the electric potential is zero is a sphere 
on li I2 as diameter, where 

All _ 1 _ AI2 

That is, the points li and I2 divide AB internally and externally in the ratio 1 : |A| 

B. How would the answer to part IVI. ATI change, when two charges of opposite signs and 
equal magnitudes are considered? 

C. State the necessary conditions on the parameters (x and A in order for the the result in 
part I VI. A.I to be valid. 

VII. A. Show that the asymptote (tangent at infinity) to any line of force must always pass 
through a fixed point G on AB such that 



AG 
BG 



|A|. 



B. What conclusion can you draw from the result of part IVII.A.I ? 

C. Show that the point G is the "center of gravity" of the charges. 

VIII. Assume A > for this part of the problem. 

A. Show that for a line of force which starts from charge q making an angle a with AB 
satisfies 



cos 



1 



|A|cos' 



-0, 



cos 



-a 



V values of 61 and 62 [see part II.(B.)(i)] . 

B. (i) Show that the asymptote to the line of force considered in part IVIII.A.I makes an 
angle 

2 cos"^ 



1 + |A| 



: COS -a 



with AB. 



(ii) For what values of a will the result in part VIII.(B.)(i) hold true? 
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(iii) Show that the equation of this asymptote is 

y = ±\ 



( 



ycosa — |A| 



1 +/i|A| 
1 + |A| 



C. How would the result of parts |VIILA2 |VIII.(B.)(i)] and |VIII.(B.)(ii)| change, if 
instead a line of force emanating from charge \q making an angle a with with AB, is 
considered? 

IX. Assume A < for this part of the problem. 

A. Show that for a line of force which starts from charge q making an angle a with AB 
satisfies 



cos I -Ui 



|A|cos^( 2^2 



cos I -a 



V values of 6i and 62- 

B. (i) If the line of force considered in part IIX.ATI is to end at charge \q, then show that 
it must make an angle 



2 cos~^ 



sm -a 



at B with AB. 



(ii) Find the range of values of a and A for which the result in part IX.(B.)(i) is valid. 

C. (i) If the line of force considered in part IIX.ATI is to go to infinity, then show that the 
asymptote to this line of force must make an angle 



2 cos"^ 



cos I -a 



with AB. 



(ii) Find the range of values of a and A for which the result in part IX.(C.)(i) is valid, 
(iii) Show that the equation of this asymptote is 



y = ±\ 



( '-iAi Y 

\cosq; + |A|/ 



1-|A| 



D. (i) If the line of force considered in part IIX. ATI is an extreme line of force from charge 
q to charge \q (a line of force that separates the line of force going from charge q 
to \q from those going from charge q to infinity), then 

a = cos~i(l_2|A|). 



(ii) For what values of A will the result in part IX.(D.)(i) hold true? 
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E. (i) If the line offeree considered in part IIX-AH is to meet the plane that bisects AB 
at right angles, in C, then show that the angle between AB and AC is 



2 sin'^ 



sm -a 



(ii) For what values of a will the result in part IX.(E.)(i) hold true, 
(iii) Show that this line of force which crosses the plane is at a distance from AB not 
greater than 



|A| 



a. 



F. (i) Show that for a line of force which terminates at charge \q making an angle a with 
AB satisfies 



|A|sin' 



-0, 



sm 



1 



01 = \X\sm' 



-a 



V values of 9i and 02. 

(ii) If the line of force considered in part IX.(F.)(i)j is restricted to have been originated 
from charge q, then show that it must make an angle 



2 sin"^ 



|A| cos 



-a 



at A with AB. For what values of a and A will this result hold true, 
(iii) If the line of force considered in IX.(F.)(i)| is constrained to have been originated 
from infinity, then show that the asymptote to this line of force must make an angle 



2sin"^ 



|A| 



|A| 



1 

sm I -a 



with AB. Find the range of values for a and A for which this result is valid, 
(iv) If the line of force considered in IX.(F.)("i)j is an extreme line of force, then show 



that 



a = cos 



2 



Find the range of values for A for which this result is valid. 

(v) If the line of force considered in part IX.(F.)(T)| has crossed the plane that bisects 
AB at right angles, in C, then show that the angle between AB and AC is 



2 cos~^ 



|A| 



|A| 



cos 



-a 



Find the range of values for a for which this result is valid. At what maximum 
distance from AB can this line of force cross the plane. 
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X. A. Assume A > for this part of the problem. 

(i) Show that the (limiting) line of force through the neutral point on AB satisfies 

V values of 9i and 62. 

(ii) Show that this limiting line of force has the asymptote 



y 



X 



^^\\\ 



l-IAIL Vl + |A| 

B. Assume A < for this part of the problem. 

(i) Show that the (limiting) line of force through the neutral point on AB satisfies 

1 



sm 



cos 



|A|sin2 
|A|cos2 



if - 1 < A < 0, 
if A < -1, 



V values of 61 and 62- 

(ii) (a) In the case when — 1 < A < 0, find the angle w.r.t. AB at A, the line of force 
through neutral point, leaves charge q. 

(b) In the case when A < —1, find the angle w.r.t. AB at B, the line of force 
through neutral point, ends at charge Xq. 



(iii) What conclusion can you draw from the results of part X.(B.)(ii) 

XI. Assume A < for this part of the problem. 

A. In particular, consider the situation when — 1 < A < 0. Further let P be a point on 
the line of force through the neutral point, N. Show that, if bisectors of the ZPAN and 
ZPBN meet at point Q, the locus of Q is the circle on MN as diameter, where point M 
lies on AB and 

AM 1 



BM 



AN 



Compare this ratio with 

B. Show that the locus of the points at which the lines of force are parallel to AB is a sphere 
of radius 

1 



'|A| 



a. 
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3 y-K- 01-62 

2 / 1 



3 + 
2 / 1 



XII. A. Show that the ratio of the component of electric field perpendicular to AB to the com- 
ponent of electric field parallel to AB at a point on the limiting line of force close to 
neutral point is approximately 

^ ' if A > 0, 

if - 1 < A < 0, 

... . if A < -1. 

3 V^i + ^2 -27r 

B. At what angle does the line of force through N crosses AB. 

XIII. A. Show that the form of equipotential surfaces in the neighborhood of the neutral point 
are 

• hyperboloid of one sheet 
or 

• hyperboloid of two sheets 
or 

• right circular cone 

B. Show that the equipotential near the neutral point makes a constant angle 

tan"^(V2) 

with AB 

C. Show that the lines of force near the neutral point are the curves 



y 



X 



/i± V|A| 



Constant 



PROBLEM 2 
You may assume throughout this problem that /i > 1. 

I. A. If the charges in vacuum are now released from rest from their initial positions, 
(i) show that at time t, their relative position x{t) = X2{t) — xi{t) is such that 



_ I ma - 1) 



a , 
1 



2x 



vr — sm 



-a(/i — 1) cosh ^ 
^ 2 



a(/i — 1) 
2x 



— a/ X [a{fi — 1) — x] if A < 
+ a/x [x — a(/i — 1)] if A > 



_a{fi - 1) 

where X2 and xi are the positions of the charge \q and q at time t, respectively. 
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(ii) For the case of charges with unlike signs, find the collision time. 

B. Now assume that charges are immersed in a medium where the Coulomb force (-^1,2) is 
proportional to the velocity (t'i,2) rather than acceleration of the particle: F2 = [3v2 and 
Fi = vi, where /3 is a proportionality constant. The charges are now released from rest 
form their initial positions. 

(i) Show that the relative relative position x and time t, in this case are related by 



II. Assume that the charges are connected by means of a light, nonconducting inextensible string. 
A. The charge q is fixed while the charge Xq (A > 0) is free to rotate about q. Show that 



the minimum velocity with which the charge Xq is projected so that it completes one 
revolution is given by 



where a is the angle the string makes with the downward vertical, just before the charge 
Xq is projected. 

B. Take A < 0. The entire charge and the string assembly is released and a uniform electric 
field, —Eqx is turned on. Show that 



in order for the string to remain taut at all times during the subsequent motion of the 
assembly. 



III. Assume that the charges q and Xq (A < 0) are held together at the ends of a massless rigid 
non-conducting rod. The whole arrangement is immersed in a region of a uniform electric 
field —Eqx, with the rod constrained to only rotate about an axis through its center and 
perpendicular to its length. If the rod is rotated through a small angle from its equilibrium 
position, show that it performs simple harmonic motion with time period 




A < 



A > 



(ii) For the case of charges with unlike signs, find the collision time. 






8 



SOLUTIONS 



PROBLEM 1 



I. A. We are given that q + Xq = constant (Q). This implies q 



Q 



Fi between charges q and Xq is given by 



1 + A 



(g)(Ag) 

(a — nay 

Q 

a{l — fi) 

Q 

_a(l -/i)^ 



Q 



1 2 



a(l — /i) 



The Coulomb force, 



A 



(1 + A)2-2A(1 + A) 



1-A 







A = 1 



Further, note that : 



9A2 



Q 



a{l — jj) 

Q 



(1 + A)3 
'-(1 + A)3-3(1A)(1 + A)2 



(1 + A)f 



_a(l-/i)J (1 + A) 



A-2 



< for A = 1 



Q 



Thus for A = 1, q = — . This means the total fixed charge will be divided equally among 
the the two charges to give the maximum force of repulsion: 







2 


-^1 max ~ 






a(l — jj) 





B. If the midpoint of the line joining the two charges is fixed, then ^ ^ ^ = constant (d). 



Therefore, a 



2d 
1 + 



The Coulomb force, F2 in this case is 



F2 



(g)(Ag) Xq'fl-fi 



W\ (l-^)22(l + ^)-(l + ;,)2(2^-2) 
4^2 J (1 - 

Ag2 1 + ^ 



rf2 (l-/i)3 

9 







Further, 



9A2 



V 



(1 -/i)3 + 3(l-/i)2(l+/i) 



9A2 



<0 if 
>0 if 



A < 
A > 



Thus for /i = —1, d = 0. That is, the charges are placed symmetrically about the origin, 
giving rise to a maximum attractive {repulsive) force for A < (A > 0): 



2lmax 



±)- 

2a) 



II. A. The electric field, E for the system is given by 

g(r-ri) Ag(r - ra) 



E 



|r — riP |r — 



The vectors ri = ax, V2 = /xax and r = xH + yy + zz are shown in Figure 1. 

|r — Til = [(r — Fi) ■ (r — ri)]^ = — 2r ■ ri + 
Thus, |r-ri|^ = [{x - af + y"^ + z"^]^ 

3 

and |r-r2|^ = [{x - fia^ + y'^ + z'^]^ . 



Writing, E = E^x + Eyf + E^z 

Xq{x — jia) 



where E^ 



Ey 







+ — 


3 


[{x 


-a)2 + |/2 + ^2]i 




— /ia)2 + ?/2 _|_ 2;2] 2 










[{x 


3 

- a)2 + 1/2 + z2]2 


+ — 

[{x 


3 

- /ia)2 + ?/2 + z2]2 




qz 




Agz 


[{x 


- a)2 + ?/2 + 2;2]5 


+ — 

[{x 


3 

- /ia)2 + 1/2 + 2;2]2 



= ^- ^ + '-^ (1) 

[(x - a)2 + ?/2 _^ 2;2]2 [(a; _ ^a)2 _^ y2 _^ 2;2]2 

The lines of force represent the direction of electric field in space: dl = kE {k is a constant) 
in rectangular coordinates this equation takes the form, 

(ixx + dyy + dzz = k (-E^x + Eyf + E^z) 
_^ dx dy dz 

Ex Ey Ez 
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Therefore, the differential equation for the lines of force in the xy plane [z = 0) takes 
the form 

E,, 



dy 

dx 

dy_ 

dx 



y \[{x - iiaf + y^f + \[{x - af + y'^Y^ 

I F 
{x — a) [{x — /ia)2 + 2 + A(x — /la) [{x — a)^ + y"^] ^ 

+ + A(1 + 17^)1 

3 3~ ' 

v{l + ^2)2 + An(l + v"^)^ 
where in the last equation, we have used the following sets of transformations: 



(2) 
(3) 



Eliminating, x : 



u 



y 



Thus Eq.© 



Eliminating, y : x 

du — dv 



X — fxa 

y 

a(/i — 1) 

V — u 
a{vfi — u) 

V — u 



X — a 



y 

dy = 
dx 



a{fi — l){du — dv) 
{v — uY 
a{fi — l){vdu — udv) 



{v — uy 



simplifying, A 



vdu — udv 
du 



{1 + u^)l + Xjl + v^)l 

3 3 

f (1 + ^2)2 + An(l + f2)2 
dv 



integrating, A 



A 



du 

u 



(l + t;2)5 
dv 



C 



V 

(1 +t;2)^ 



+ constant (C) 
[see appendix]. 



And finally. 



(x — a) 



\{x — no) 



[{x — a)2 + y'^] 2 [(x — /ia)2 + y"^] ^ 



C 



(4) 



B. (i) Define 6i and O2 to be the angles of elevation (see Figure 2) as seen by the charges 
q and \q, respectively: 



cos6'i 



{x — a) 



[(x - a)2 + 2/2] 2 



cos6'9 



(x — /ia) 



[(x - ;ua)2 + 1/2] 2 



Then Eq.(|4D can be rewritten as 

cos ^1 + A cos 62 = C 



(5) 
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(ii) (a) Note that 



adding: 
Eq.© ^ 

(b) We write Eq.(l5]) as 



-1 < COS^i < 1 

-|A| < Acos^2 < |A| 
-1 - |A| < cos^i + Acos^2 < |1 + A| 



-1 - |A| < C < |1 + A| 



(x — fia) 



C 



cos 9i + A- 

[{x - fiay + y2]t 

and take the limit as (x, (a,0). Therefore, 

lim cos oi + A lim = iim C 

lim cos 61 = C — X sgn{l — /i) 



where we have defined 



sgn{l - /i) 



1 — ^ 



|l-/i| 



1; /i < 1 
-1; /i>l 



and since —1 < cos 6*1 < 1, we get 



-1 + A sgn{l - /i) < C < 1 + A sgn{l - ^) 



(c) We now investigate the behavior of cos 6^2 as {na,0) and find that 

/i — 1 



A lim cos 02 -i- "i r 

A lim cos 62 

{x,y)^{lia,0) 

Using the fact —1 < cos ^2 < 1, we get 



C 

C + sgn{l — n) 
A ' 



^ ^ C + sgn{l-^) ^ ^ 
A 
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C. Lines of force in the yz plane can be obtained by simply setting ?/ = in Eq.([T]) to get, 



dz 
dx 



El 



y{[{x- fiaf + z^]^ + \ [{x - a)2 + ^2] 2 



(x - a) [{x - fiay + 2 + A(x - fia) [{x - ay + z"^] ^ 



This equation is the same as Eq.(|2]), with the replacement: y z. Hence, the solution 
to this differential equation follows from Eq.dH) 



(a; — a) 



X{x — jjio) 



c 



where C is a new constant. 

Similarly, the equation in the yz plane can be obtained by letting x 
this case, the differential equation take a very simple form: 



in Eq.dH). In 



Therefore, 



dz 



dy 

y 



Ey 



y 

z 



dz 



In^ + lnC" 



C"z 



(straight lines). 



(6) 



D. (i) For an electric dipole, we set A = — 1 and /i = — 1 in Eq.(|4]): 

(x + a) \{x — a) 



- = -c. 

[x^ + + 2ax + y^] ^ [x^ + _ 2ax + y'^] ^ 
Defining, = x^ + y"^ expanding this equation in powers of a/r, we get 
X + a X — a 



2ax 



a\2 2ax 
r / r 



-C. 



Neglecting terms like (a/r)'^ and higher (a 0) and using the binomial expansion 

(1 ± e)i/2 ~ 1 ± i/2e for e < 1, we get 



X + a 




X — a 
~^ ax 



-C 



2a 



-C 



-2a 

IT 



y 



(7) 



Eq.© can be write in polar coordinates, if we make the transformation: x = r cos 9 
and y = rsinO. Then the equation for the lines of force take the more convenient 
form 



-2a 



sin^ 9. 



(ii) Taking the natural logs of both sides of Eq.(|7]), we get 

^ ln(x2 + y^) = In +2\ny. 

Differentiating this last equation w.r.t. x, we get 

dy\ 2 dy 



x"^ + y"^ \ ~^ ^ dx J y dx 
dy 3xy 



dx — y'^ 

Eq.® represents the slope of the lines offeree at the point {x,y). Therefore, the 
slope of the corresponding equipotential line would be 

dy -1 



dx Sxy 



- y^ 



■ ,-r ■ dy If 

simplifying, ^ = 3 



dy ^ I (y) _^ 

dx 3 \xJ 3 \y 



To separate the variables we make the transformation: 



w 



y 

X 

dy_ _ 

d^ ^ ""dx ^ 
dx 

dy dw 

-r = X- — h w. 

dx dx 
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Therefore, the differential equation for the equipotential lines in the wx plane are 
given by 

1 2 1 

-w 

3 3w 



integrating, 



w 



3 f dp 

2/ 7 



dw 






+ w 


dx 




f dx 


- -'j 






X 




C dx 


- -'j 






X 



-2\nx + 1x1 K 



X'^ 



K 



[x^ + y^)^ = Kx 



(9) 



This last equation can be rewritten in polar coordinates as 



= K cos9. 



III. A. (i) Equation for the orthogonal bisecting plane is x = ilJli^ With this value for x 



in Eq.Q, we get 



E., 



4ga(l -/i)(A- 1) 









8gy(A+l) 








8gz(A + 1) 







(10) 



Now since, lEl 



{El + El + Ely. Therefore 
d\E\ 



E ^ + E 



y dy ^ dy 



dy 

d\E\ 
dz 



{El + El + El) 



y 

dz ^ ^y dz ^ dz 



{Ei + Ei + Eiy 

For maximum value of the electric field. 



dy 



0, 



dz 



0, 
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and therefore 



j,dE dEy dE.. 

oy 

BE,.. 



E^ 



' dy 
dE, 



dy 

dE,. 



dz 



Ey^T-^ + Ez 

oz oz 



0. 



(11) 
(12) 



The expressions for the derivatives of the component of electric fields are given by, 



dE^ 
dy 

dEy 

dy 

dE^ 
dy 



48ga(l-/i)(l-A)^ 
[a^l-^lf + 4{y^ + z^)Y 
8g(l + A) [a^l-fxf + A{z^-2y^)] 



5 

2\ I 2 



-96g(l + X)yz 



[a2(l-/i)2 + 4(y2 + 



2^1 2 



(13) 



z in 



The other derivatives can be simply obtained by the transformation, y 
Eq.dlS]). Use of Eq.([l3]) in Eq.l^^ gives 

Q4qy {-3a\X - 1)^(1 - + (A + 1)^ [a\l - + A{z^ - 2y2)] - 12(A + l)^^^} 



[a2(l-^)2 + 4(y2 + ^2) 



which can be simplified to 



2 I 2 

y +z 



a{l — n) 
2(1 + A) 



(A + 1)2 
[3 - (A - 2)2] - -2 



(14) 



Hence, the electric field is maximized on a circle, centered about the origin and lying 
on the X = — — plane. The radius of the circle being 



1-^ 



1 + A 



a/3 - (A - 2)2 



(15) 



Use of Eq.([T2|) gives an identical result. 
) It is first useful to compute the quantity, a^{l—^Y+4:{y'^ + z'^). Using the expression 
for ?/2 + from Eq.dH]), we get for 0^(1 - /i)2 + 4(?/2 + z"^) = GAa^ 
Using this result in Eqs.([TOl). we get 

2g2(A-l)2(A + l)6 



.2 / 1 - /^ 



1 + A 



F \ 

^ I max 



{E'y + E',) 



max 



27a4(l - /i)4A3 
2g2(-A2 + 4A-l)(A + l)6 
27a4(l - /i)4A3 ■ 
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Therefore, 



lEl 



max 



3v/3a2(l-/i)2 



(A + l)= 



A 



(iii) Looking at the expressions for the radius and |E|, we conclude that 

A ^ 0, A ^ -1 & 3 - (A -2)2 > 



AG (^2 - V3, 2 + V3 



B. (i) From the condition — — = 0, one can derive an equation similar to Eqs.llTTl) and 



9/i 



0. 



Taking the derivatives of E^, Ey and E^ w.r.t /i in Eqs.llTPi). we have 

dE^ 8qa{X-l)[a^l- fif -2{y^ + z^)] 



(16) 



dE^ 

dE,, 



[a2 (1 -f,f + 4 + ^2)] 

24ga2(l + A)(l-/i)i/ 



y2\ I 2 



[a2 (1 - /i)' + 4 (y2 + 
24ga2 (1 + A) (1 - /i) z 



y2\ I 2 



Use of Eqs.dlU]) and (HZI) in Eq.dH]) gives, 

32ga2(l - fi) {(A - 1)^ [a^ll - fif - 2{y^ + z^)] + 6(A + 1)^(^2 + z"")} 

[a2(l-/i)2 + 4(y2 + ^2)]4 

After simple algebraic manipulation, we arrive at 



(17) 



2 I 2 

1/ +z 



a(l -/i)(l - A) 



3- (A + 2)^ 



= To 



where, 




(1^ 



(19) 



From Eq. lITHi) . one can compute n for a particular value of y and 2;: 

= 1 ± ^^^^^(2/2 + ^2) [3 -(A + 2)2]. 
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(ii) As before we first compute a^(l — /i)^ + 4(y^ + z"^) using the expression for y'^ + z'^ 

Using this result 

[A -t Z,)~ — O 

in Eqs.llTOl). we get 



(A + 2)2 -3' 
2g2[(A + 2)2-3]3(A-l)2 



-I max 27a\l-^^Y 

-2g2[3-(A + 2)]2(A-l)2(A+l)2 



max 



27a4(l - /i)4A3 



Finally, 



|E| 



max 



3v/3a2(l -/i)2 



[3-(A + 2)2](A-l) 



A 



(iii) From the results of the previous two parts, we infer that 

A^O, A^ 1 & 3-(A + 2)2 >0 



A G (-2 - VS, -2 + V3 



Q|-p| 

C. (i) In this case the extremum condition, = 0, leads to 



Et 



dE^ „ dE„ 



E„ 



E., 



dE., 



0. 



" dX ' dX ' dX 
Taking the derivatives of E^, Ey and E^ w.r.t. A in Eqs.( ITU|) . we have 



dE, 




4ga (1 — ji) 


dX 




-/i)' + 4(y2 + ^2)]f 


dEy 






dX 




-^lf + A{y^ + z^)Y 


BE, 




8qz 


dX 




-/if + 4(y2 + ^2)]i 



Use of Eqs.dlU]) and (JH]) in Eq.l^ gives, 

16g2 [q2(i - ^Y(X - 1) + 4(A + l)(y2 + z^)] 

[a2(l-/i)2+4(l/2 + z2)]3 

Simplifying this expression gives. 



(20) 



(21) 



2 I 2 _ 2 

1/ +^ = rg 



(22) 
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a , , / 1 — A 

r3=2l(l-.)|j-^ 



(23) 



From Eqs.( l22!) and (1231) . one can compute A for a particular value of y and z: 



A 



a2(l -/i)2 + 4(y2 + 22) 



(ii) Using Eqs.(|22]) and ([21]) in Eq.([in]), we get 



2^ I max 



max 



2g2(A-l)2(A + l)- 
a4(l -;i)4 

2g2(A + If 



Now since, lEl 



max 



-^xlmax + -^y Imax 



E2| 



max 



(24) 



IV. A. The electric flux, passing through the circles (see Figure 3) 



a(l — /i) 



2(1 + A) 
a(l-/i)(l-A) 



[3 - (A - 2)2] 
1 



a(l — fi) 



J 3 -(A + 2)2 

-^1-A 



1 + A 



a (1 + u) , ,., , ^ 

at X = , can be readily computed from 



N 




where D = E and 
Therefore = 



D ■ ds, 

(is = X dydz 




(25) 



X 
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Using Eq.lflOll. we obtain 



ry=R rz=+^B?-y'^ j 
N = 2[4ga(l-/i)(A-l)] / dy 

Jy=0 J,=-^R2-y2 ^^2 (1 _ ^ 4 (^2 + ^2 



16ga(l -/i)(A - 1) 



y=R 



z=+ 



dy 



y=o a2 (1 - fxf + V I (1 -ij^f + A (|/2 + z^)] ^ 



^ga(l-/i)(A-l) /•^=^ ^/W^ 



8ga(l-/i)(A-l) 



2 



■dy 



i?2 + 



a(l-M) 
2 



4 . -1 

sm 



4 



47rg (A - 1) < 1 



a (1 — /i) 



[a2(l -/i)2 + 4i?2] 



1 I ' 

2 



where in the second and fourth steps above, we have made use of Eqs.(#) and (#), 
respectively, from the appendix. One can now fully compute N in Eq. (!^ for R = ri, r2 
and rs given by Eq.(!25l). Thus 



a (1 — /i) 



[a^l - fif + ArfY 

a (1 — /i) 
[a2(l -/i)2 + 4r2]^ 

a (1 — /i) 
[a2(l-/i)2 + 4r2]^ 



sgn{l - fi) 



|1 + A| 



sgn{l — 



sgn{l - /i) 



^3- (A + 2)' 
-6A 



1 + A 



Finally, 




A/'g = 2v^7rg (1 - A) sgn{l - /i) Vl + A - V2 
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B. For this part of the problem, we first calculate the flux passing through the circle y'^+z'^ 
6^ at a; = (see Figure 4). Using Eq.(IT]), we have 



N 




E.j,\^ dydz 



y=b ^z=+.J^- 



2qa / dy 



dz 



1 



A/i 



y=Q Jz=-y/l? 



z 



ry=b 
—2qa / dy 

ly=0 I [a2 + y2][a2 + ^2+ ^2|2 



a^ + y^ + z^]^ + 7/2 + ^2] 2 

Xfiz 



y/aF+W Jy=o + 



— 4ga 



1 



Va2 + 62 
A/i 



y=6 



y=0 



^ {^af + &2 



sm 



(/ia) +62 _ _ / 62 _ ^2 



sm 



6 V M' + l/2 



_, y=b ' 



J j/=0 



where again, in the second and fourth steps above, we have made use of Eqs.(#) and 
(#), respectively, from the appendix. Finally, evaluating the last expression between the 
limits, yields 



N = 2Txq 



^Ja? + 62 



1 + A 



/ia 



\j {^af + 62 



Now if, iV = 0, then 



A 



Va2 + 62 
/ia 

_ ^{iiaf + 62 



- 1 



V. A. The neutral point or the equilibrium position can be located by setting |E| = 0. This 
implies = 0, Ey = 0, E^ = 0. Use of Eqs.([T]) gives 



E„ = 



qy 



+ 



A 



'2-L-2j2 [(x-/ia)2 



1/2 + 



y2 _^ 22j2 
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E, = 
Then, 



qz 



+ 



X 



E. 



q{x — a) Xq{x — fia) 



z = 0. 



X\x=0,y=0 



+ 



[{x — a)2 + y"^ + z"^] 2 [(x — jiay + y"^ + z^\ 
This last equation gives, 

X — a \{x — a) 



0. 



x=0,y=0 



\x — a\ \x — iiq}\ 
For (x — a > 0, X — /ia > 0) 



0. 



(27) 



or 



(x — a < 0, X — /ia < 0) 



Eq.daz 



+ 



A 



(x — of (x — \idf 



Eq.dSZ 



For (x — a < 0, X — /xa > 0) 
or 

(x — a > 0, X — /io < 0) 
1 A 



(x — a)^ (x — /ia)^ 



X — [la 



-A 



X — a 

^ A < 0, set A = -|A| 
In either case, one gets (A < or A > 0) 



X — fxa 



A 



X — a 
A > 0, set A = |A| 



X — iJ,a 



X — a 



|A|. 



Solving for x gives. 



X = a 



/i± V|A| 



(2^ 



CASE 1: ^i>l 



A < 



X < a or X > fia 



For X 



,1- 

X < a ^ > 1 and A < — 1 
X > //a ^ yu > 1 and — 1 < A < 



For X 



/i 



l + v/|A| 
X < a ^ unacceptable solutions 
X > na ^ unacceptable solutions 
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A > 



a < X < na 



For X = a 



a < X < fia 



.1- V|A| 
unacceptable solutions 



For X 



/i+ V|A| 



1 + 

a<x</ia^/i>l 



CASE 2: < ;u < 1 



A < 



X > a or X < fxa 



For a; = a 



i-a/|A| 

x>a^O</i<landA<-l 
a;</ia^O</i<land -1<A<0 



/i+ v/|A| 
For X = a ^'-== 

a; > a ^ unacceptable solutions 
X < fia ^ unacceptable solutions 



A > 



jia < X < a 



For X = a 



,1- VIA| 

fia < X < a ^ unacceptable solutions 



fia<x<a^O<fi<l 



CASE 3: /i < 



A < 



a; < 



a or X > a 



For X 

1- V|A| 

X < -|/i|a ^yu<land -1<A<0 
X > a ^ yu < 1 and A < — 1 



For X 

1 + V|A| 

X < — |/u|a =^ unacceptable solutions 
X > a ^ unacceptable solutions 
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• A > 



-|/i|a < X < a 



For X = a 



1- vi^i 

\a < X < unacceptable solutions 



For X = a 

-|/i|a <x<a^/i<0 



CASE 4: V/i 



A = -1 
No solutions 



A = +1 

X = ^(1 + fi), which follows directly from x = a 



fi+V\x\ 



Therefore, 



X = a 


^- V 
.1- V 


/\x\ 
/\x\_ 


is valid for/i G (— oo, 1) U (1, oo) and A G (— cxd, —1) U ( 














X = a 


fi + 
1 + 




is valid for/i G (— oo, 1) U (1, oo) and A G (0, oo) 



VI. A. The equation for the electric potential, V = 0, the two charge system takes the form: 

1 , M 



V = \ 

[(x — a)2 + y"^ + z^] [{x — /ifl)^ + 2/^ + z^] 

'{x — fia)"^ + y'^ + 
(x — ay + y"^ + z"^ 




-A 



(29) 



This last equation will hold true if A < 0. Squaring and simplifying we get, 

x\\^ -l) + 2a{^i-\^)x + y^{\^ -l) + z^{\^ -I) = a^{^^ - \^) 



x^ + 2a{ I X 



X + a 



A2- 1 
A2- 1 



+ y^ + z^ 



,2,2 

+ y +z 



a^fj.^ - A^) 
A2- 1 

aX (/i — 1) 
A2- 1 



/i-A^ 
A2-1 
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Thus the equipotential surface is a sphere with center, 0' and radius, r, where 



0' 



A2- 1 



0,0 



and r 



aX {fi — 1) 



A2 



If we denote the origin by 0, then (see Figure 5) 



Oil 



|00' -r| 
— /i\ aX {ji — 1) 
A2 - 1 j A2- 1 
X — fi 



01, 



A- 1 



|00' 

A^ — /i^ ^ aA (/i — 1) 
A^^ 

a 



A2 



A + /i 



A + 1 



One can now use Oli and Oli, calculated above, to find Ali, Bli, AI2 and BI2 as follows 
(see Figure 6): 



All 



|Oli - 0A| 

A — /i' 



Bli 



a 



A- 1 
1 — ^ 



A- 1 

Therefore, it follows from this last result 



lOB-Olil 
A — /i 



fia — a 



X- 
A(/i-l) 



A- 1 



Further, 



Al, 



Hence, 



IOI2-OAI 

A + /i' 



A + 1 
/i — 1 



A + 1 



B. Setting A = -1 in Eq.(l29]), we get 



All 


1 


Bli 





Bl, 



AI2 


1 


BI2 





|0B - 01] 

X + jj 

A + 1 
A(l-/i) 



A + 1 



2a(/i-l)a; = a^/i^ - 1) 

X 



(30) 



Thus for equal and opposite charges, the equipotential is a plane, bisecting the line of 
charges orthogonally. 
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C. Since A < and further since the radius of the sphere is 
to —1. Therefore 



a\ {ji — 1) 



A2 



A cannot be equal 



A e (-00,-1) u (-1,0) 



VII. A. 



CASE 1: A>0 (A=|A|) 

Since both charges have same sign (positive), all the lines of force emanating from either 
charges must go off to infinity. Let Pi be a point on the lines of force originating from 
A (see Figure 7). Assume that the tangent at Pi passes through AB in Ci By Law of 
sines one has 



sin j3i 


sin 5i 


ACi 


APi 


sin 7i 


sin(7r — 


BCi 


BPi 



Dividing first equation by the second, we get 



sin [3i 



BPA /ACi 



(31) 



sin7i vAPi/ VBCi 

Also, at Pi, the resultant electric field is in the tangential direction, hence the normal 
component of the resultant electric field must vanish at Pi (see Figure 8): 



|A|g 



BPi 



2 sm 7i 

sin [3i 
sin 7i 



APi 



sin Pi 



APi 
BPi 



Eqs.(l3T]) and ([32]) implies 



ACi 
BQ 



|A| 



APi 



As Pi — > oo along the line of force. 
With this limit, Eq.(l33l) becomes 



APi 
BPi 



BPi 
1 and Ci 



(32) 



(33) 



AGi 

bgT 



|A| 



some fixed point Gi (say) in AB. 



(34) 



For this case, lines of force are sketched in Figure 9. 



^Considering point Pi on a line of force, originating from B instead of A would still lead to a point Ci in 
between A and B. 
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CASE 2: A < (A 



|A|) 



Here two situations occur (see Figures 10a and 10b) 



< |A| < 1 



In this case consider a point P2 on the line of force starting from A and going 
of f to infinity (see Figure 11a). Then from AP2C2A and AP2C2B, we have 



sin/52 
AC2 

sm{p2 + 72) 
BC2 
sin/32 
sin(/52 + 72) 



sin(7r - ^2) 

AP^ 
sin(7r — ^2) 

bp; 

BP2\ MC2 



AP, 



BG 



(35) 



Further, we know that the normal component of the electric field at P2 must vanish 
(see Figure 12 a): 



2 sin (32 



AP2 

Then Eqs. (155|) and ( jHBl) gives 



^ sin (/32 + 72) = 



(36) 



AC2 
BC2 



|A| 



AP2 
BP, 



(37) 



AP, 



As before, if we let P2 — > c>o along the line of force, then -gp^ 1 and C2 some 
fixed point G2 (say) in AB, leading Eq. (137|) to 



AG2 
BG 



(3^ 



The lines of force are sketched in Figure 10a. 



|A|>1 

In this case we need to consider a point P3 on the line of force coming from infinity 
and terminating at B (see Figure lib). From AP3C3A and AP3C3B, we have 



sm{p3 + 73) 

AC3 

sin/33 

BC3 

sm{p3 + 73) 
sin/33 



sin(7r - ^3) 

AP3 

sin(7r - ^3) 

BP3 

BP3\ MC3 



AP. 



BG 



(39) 
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Again the normal component of the electric field at P3 must vanish (see Figure 12 
b): 



AP 



^ sin(/33 + 73) - sin = 



3 "-"3 

These last two equations again lead to the familiar result 



AC3 
BC, 



|A| 



AP3 
BP^ 



(40) 



(41) 



AP, 



Let P3 approach infinity along the line of force, then -gp^ would approach 1 and C2 
tends to some fixed point G3 (say) in AB, leading Eq.(j4Tl) to 



AG3 
BG, 



|A| 



(42) 



The lines of force are sketched in Figure 10b. 



B. From Eqs.(ISI), (EHD and (gSI), the ratio ^ (= |A|) is independent of any angle, it 
follows that tangents to all the lines of force at infinity (asypmtotes) must pass through 
the fixed point G. 

C. Referring to Figure 13, one can define a point G (in analogy with the center of mass of 
a system) as follows: 



OG 



g(OA)±|A|g(OB) 

g ± Ag 
QA± |A| (OB) 

1±|A| 

where ± refers to A = ±|A| for A > and A < 0, respectively. Further, from Eq.(|4 
one can calculate AG and BG 

AG = |OG-OA| 

0A± |A|(OB) -OA^ |A|(OA) 



(43) 



1±|A| 



|A| 



1±|A| 



AB 



(since AB = |0B - 0A|) 



(44) 



BG 



|OB-OG| 
0B± |A|(OB) 



OA^ |A|(OB) 



1±|A| 



1 



1±|A| 
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rAB 



(45) 



Thus from Eqs.(l44ll and ( l45ll , it follows immediately 



AG 
BG 



|A| 



For future purposes we record OG, AG and BG purely in terms of the given parameters, 
A and fi. Since, OA = a and OB = jia, this implies AB=||U — l|a and thus, it follows 
from Eqs. (143|), (144|) and (145]) 



OG 
AG 
BG 



1±|A| 
A(/i-l) 



1±|A| 
fi — 1 

T±\\\ 



(46) 
(47) 
(48) 



VIII. A. First recall from part II.(B.)(i)| that the equation for the lines of force can be written 



as 



cos 6^1 + |A| cos 6^2 = C, 



(49) 



where we have set A = |A|, since A > 0. Let Q be a point on a particular line of 
force emanating from A at an angle a to AB as shown in Figure 14. When Q ^ A 



on the particular line of force considered, then 6i 
C = cosa - |A|. This Value of C in Eq.(|49]) gives 



a and 62 



TT. 



COS 6^1 + |A| cos 6^2 = cosa — |A|. 
On using the half angle formula, the last equation takes the form 



2cosM -01 -1 + |A| 



2cos^ 



2 



1 



2 cos"' ( -a 



cos 



-^1 +|A|cosM-^2 



cos —a 
2 



Eq.(l49D gives 



1-|A| 



(50) 



B. (i) When Q has receded to infinity on the particular line of force, then 9i = 62 = 9 (see 
Figure 16). This is because AQ||BQ at infinity. Therefore, Eq.(l50ll gives 



cos 



9 + |A|cos' -9 



cos 



-a 




(51) 
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(ii) To determine the range of values of a, it is convenient to rewrite Eq.flSTl) as 

, , , N / 1 + COS 9\ / 1 + cos a ~ 

+ 



cos 9 



cosa — |A| 
1 + |A| 



(52) 



Thus in order for 6 to be real 



cos a — lAI 

^ -1 < cosa < 1 + 2|A| 
The second inequality is impossible and therefore cos a > —1 which gives 



a < 180 



(iii) Using the expression for cos6' in Eq.(!52l) and the right triangle shown in Figure 15, 
one can write down 



y \cosa — |A| / 



1. 



The slope of the asymptote is tanO. By symmetry there are two asymptotes (see 
Figure 16) and therefore the slopes of the lines are given by m = ±tan6'. We 
have also proved that all asymptotes must pass through the center of gravity, G of 
charges whose coordinates are given by Eq.(|46]): 

1 + |A| 

Therefore, the general equation of a line y = mx + b immediately yields 



2/ = ±1 



( 



1 + 



\cosa — |A| 




C. In this case, assume a point Q on a line of force originating from B at an angle a to AB 
(see Figure 17). 

When Q ^ B : ^ a and ^2 ^ 

For these values of 9i and 62, Eq.(l49D gives for C = 1 + |A| cos a. Therefore, Eq.(l49ll 
gives 



cos 6*1 + I A I cos 6*2 = l + |A|cosa 



1 -2sin' 0^1 + \M 



1 -2sin2 ( -62 



1 + |A| 



2 sin I -a 
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sm^ ( j + |A| W ) = |A| sin^ Qa 



(53) 



Now, when Q— oo, 61 = 62 = 6. With these values of 61 and 62 in Eq. (!53|) . we get 

sin^ Qe]+|A|sin2 Q^] =|A|sin^ Q« 




To find the range of values of a, we rewrite this last equation as 



(1 + |A|) 



1 — cos 6 



|A| 



1 — cosa\ 



cos 6 



2 J ' ' V 2 

1 + |A| cosa 



1 + |A| 



Therefore, 6 to be real 



1 + |A| cosa 

-1 < — < 1 

1 + |A| 

2 

=^ — 1 — — < cosa < 1. 
|A| 

The first inequality is not valid and therefore, cosa < 1, that is. 



a > 0° 



IX. A. Since A < 0, we put A = — |A| in the equation given in part II.(B.)(i) 

cos6'i — |A| cos6'2 = C. 



(54) 



Next, consider a point P on a line of force which originates from A at an angle a 
with respect to AB. Thus, as P approaches A along the particular line of force we are 
considering (see Figure 18), 61 ^ a and 62 n. This gives C = cosa + |A|. Therefore 
Eq.(l54D takes the form. 



cos ^1 — |A| cos6'2 = cosa+|A| 



2 cos' -^1 - 1 - |A| 



2 cos^ ( ^6r 



2 cos I -a 



1 + |A| 



cosM ^^1) -|A|cos2Q^2 



cos I -a 



(55) 
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B. (i) Assume that the line offeree considered in part IIX. ATI terminates at B at an angle 
(3 w.r.t. AB (see Figure 19). Then as P ^ B, ^2 = /?, ^1 = and Eq.(l55]) gives 



1 - |A|cos2 -p 



1 — sin" I -a 




(56) 



(ii) Rewrite Eq. (!5BI) as 



|A| 



1 + cos j3\ 1 — cos j3 



cos P 



1 — cos a — |A| 



Thus, in order for P to exist 



1 — cosa — lAI 

— w — 

^ 1 - 2|A| < cosa < 1 



Fina lly, 0<a<cos"^(l-2|A|) 



Further, from this last equation, 

- 1 < 1 - 2|A| < 1 



-1 < A < 



C. (i) When the point P on the line of force considered in part IIX.ATI goes to infinity 
(see Figure 20), AP||BP and 91 = 61 = 6. Then, Eq.(|S5]) implies 



cos' ( ) - |A| cos' \U\ = cos' 
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(ii) Rewriting the last equation, we get 

■ 1 + cos 6* 



(1-|A|) 



Therefore, 



cos 9 



1 + cos a 



I A I + cos a 
1-|A| 



(57) 



lAI + cos a 



I A I + cos a 

1-|A| 
cos a + 1 



> -1 



> 



1-|A| 

a < 180° and - 1 < A < 



n 
n 

n 



I A I + cos a 

— < 1 

1-|A| 

2|A|-l + cosa 

-^-^ v^, < 

1-|A| 

a > cos^^ (1 - 2|A|) and -1<A<0 
or 

a < cos^i (1 - 2|A|) and A < -1 



Finally, 



cos-^(l-2|A|) <a< 180° 



and 



-1 < A < 



(iii) Recall that all asymptotes must through the center of gravity, G of charges which 
has the x-coordinates (see Eq.(l46l)): 



1-|A| 

The equation of the asymptote \s y = mx + b, where m = ±tan6'. Then from 
Eq. (l57l) . we have 



tan 6' = V sec^ 9 — 1 



cos^ 9 y \cosa + |A| 




D. (i) If the line of force originating from A, considered above, is an extreme line of force 
(see Figure 21), then as P-h>B, = and 6*2 = 0. This is because the lines of force 
leave tangentially AB. Eq.(|55ll implies 



1-|A| 
1-|A| 



cos I -a 



1 + cos a 
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a = cos"i(l-2|A|) 



(ii) For real values of ot 



-1 < 1 - 2|A| < 1 



-1 < A < 



E. (i) Let the angle between AB and AC be denoted by (see Figure 22). Then 
C, Q\ = 00 and 02 = tt — 0q. Eg. (155!) implies 



COS^ Q^oj -|A|C0S=^ Q [71-00] 

^l-sin^ -|A|sin2 (U, 



cos I -a 



1 — sin I —a 




(ii) One can rewrite Eq.fjS^ as 

1 — cos ^0 
2 

cos 6*0 = 



(1 + |A|) 
\| + cos a 



1 — cos a 



In order for 0q to be valid 



I A I + cos a 

- 1 < — VT^ < 1 

1 + |A| 
-1 - 2|A| < cosa < 1 



First inequality is not valid, therefore cos a < 1 ^ a > 

or 

(iii) From Figure 22, = tan6'o. Thus 

(OC)max 
Eq.(|60]) cos(^o)max 
Eq-dSHD ^ cos(a)max 
Eqs.(|S2I) and gives 

cos (^o)max 



= OAtan(eo)max 
|A| + cos(a)rnax 
1 + |A| 
= 1-2|A| 

1-|A| 



1 + |A| 
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and that 



tan (^o) 



max 



sec2 (^o) 



max 



Using 0A= 



Eqs.(IM]) tan (^o) max 
1 



cos2 (eo)max 



-(1 + fi) - a 



1-|A| 

a, and Eq. (!55l) in Eq. (!M]) . we get 




(65) 



F. (i) Let there be a point R on a line offeree that ends at B at an angle a w.r.t. AB (see 
figure 23). When R-^B: 01 = and 6*2 = a. With this set of information, Eq.(IS]) 
gives C = 1 — |A| cos a and for this specific value of C, Eq. (!54l) becomes 



cos6'i — |A| cos6'2 = 1 — |A|cosa 



l-sin^ -^1 - |A| 



1 - sin^ ( -e, 



1-|A| 



1 — sin" I -a 
2 



lAlsin^i^^) -sin^ Q^i) =|A|sin2 



(66) 



(ii) If the line of force considered in part IX.(F.)(T)j is restricted to have been originated 
from A, then this implies that as R^A, di = (3 (say) and O2 = (see Figure 24). 
Eq. (!5Bl) then takes the form 



lAI-sin^i^^] = |A|sin2 (\a 



[3 = 2 sin~^ 



|A| cos ( -a 



As in previous cases, let us rewrite Eq.(l67i) as 

1 



sm- I -(3 



1 — cos [3 



|A| cos I -a 



1 + cos a 



2 

• cos [3 



1 — |A| — |A| cosa 



(67) 
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Therefore in order for f3 to be real, 



1 < 1 - |A| - |A| cosa < 1 
2 

=^ — — 1 > cos a > —1 



cos"^ - 1 ] < « < 180° 



Further, in order for a to exist 



|A| 



1 < 1 



A < -1 



(iii) In order for the line of force, that ends at B, to have been originated from infinity, 
9i = 02 = 9 (see Figure 25). This is because as oo, AR becomes parallel to 
BR. Therefore Eq.(|M]) yields 

[|A|-l]sin^ Q^^] =|A|sin^ Q« 



6> = 2 sin 



-1 



|A| . fl 

, sm -a 

|A|-1 V2 



To find the restriction on the angle a, it would be convenient if we write the last 
equation as 



(|A|-1) 



1 — cos 9 



cos 9 



, , f 1 — cos a \ 

1 — |A| cos a 
1-|A| 



^, ^ 1 — |A| cos a 
Therefore, - 1 < — < 1 

1-|A| 



1 — |A| cosa 

1-|A| 
2- |A| - |A|cosa 



1-|A| 



> -1 
> 



cosa < — — 1 and — 1 < A < 

|A| 

or 

2 

cosa > -— r — 1 and A < — 1 
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n 
n 



1 — I A I cos a 

1-|A| 
|A| (1 — cos a|) 



1-|A| 



< 1 
< 



n 



cos a < 1 and A < — 1 



Therefore, — — 1 < cos a < 1 and A < — 1 



|A| 



< « < cos ^ I -r—r — 1 
1^1 



and 



A < -1 



(iv) If the line of force considered in IX.(F.)("i)| is an extreme line of force, then as 
R^A, 91 = 02^71 (see Figure 26). Eq.([M]) 



|A|sin2 ( ivrj - sin^ Qvr 



|A| sin I -a 



|A|-1 = |A| 



1 — cos a 



a = cos 



|A| 



(68) 



In order for a to exist 



A < -1 



(v) Let the angle between AB and AC be denoted by Oq (see Figure 27). As R— s>C, 
9i = 9q and 6^2 = vr — ^o- Eq.( l5Bi) implies 

lAlsin^ -cos^ (U, 



|A| sin I -a 



|A| 



1 - cos^ ( -Of 



cos- ( ^6^0 



|A| 



1 — cos^ I -a 




Rewriting this last equation, we get 



cos On 



1 + cos a A 



|A| cos a — 1 
|A| + 1 

In the above equation, 6q would be real, if 



1 < 



I A cos a I — 1 
|A| + 1 

1 < cos a < 1 4 



< 1 
2 



-) 



(69) 



(70) 
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The second inequality is not possible. The only solution is cos a 

or 

From Figure 27, = tan^o- Thus 

(OC)max = OA tan (^o) max 
|A|cos(a)rnax - 



> -1 ^\a< 180° . 



Eq.(I70]) ^ cos (^o)max 
cos (a)max 



|A| + 1 



Eqs.dZlD and ^ gives 



1-|A| 



and that 



cos (^o)max = 



tan (6'o) 



max 



= A/sec2(^o)max 



- 1 



- 1 



cos2 (^o)max 

Eqs.(I74l)^tan(^o)max = 



Using 0A= If (1 + /i) - a| = \\{\ - /i)|a, and Eq.(IZ5]) in Eq.(l7l]), we get 




(71) 
(72) 

(73) 
(74) 



(75) 



X. A. Since, A > for this part of the problem, we set A = |A| 

(i) Starting from the equation for the lines of force, cos^i + |A|cos6'2 = C, one can 
determine the constant C for the limiting line of force through the neutral point N 
by setting = and 6^2 = tt (see Figure 28). This is because for like charges the 
neutral point N is on the line joining the charges (AB) and is in between the two 
charges (see part IV. p . Thus, C = cosO + |A|cos7r ^ C = 1 — |A|. Equation for 
the line of force in this case, then takes the form 



2sm^ ( 



|A| 



cos6'i + |A| cos6'2 = 1-|A| 



2cos" {-02] - I = 1- |A| 



(76) 



sm 



|A|cos2 -02 



(77) 
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(ii) When a point on this limiting line of force through N has receded to infinity, 6i = 
02 = Oq. We now use this information in Eql76] to determine the slope of the 
asymptote through N: 

1-|A| 



Further, 



Eq.(E 



cos6'o 
tan6'o 
tan6'o 



1 + |A| 



(7^ 



1 



COS^ ^0 

2v^ 



1-|A| 

And by symmetry it has two asymptotes with slopes, 

m = ± tan ^q- 

As before the asymptote to this limiting line of force must pass through center of 
gravity of charges G, whose coordinates are (see Eq. (l45|) ): 



/i|A| 



a, 



1-|A| 

Then, the y— intercept, b in the equation for an asymptote {y = mx + b) is given by 



, /i+/iiAr 



and finally 




X 



fi\X\ 



1 + |A| 



B. Since A < for this part of the problem, we set A = — |A| 

(i) Without loss of generality, we assume /i > 1 for this part of the question. This 
means that point B (charge — jAlg) will always to the right of point A (charge q) 
Further, recall from part IV 4 that in the case of unlike charges, the neutral point N 
will always be either to the left of A or to the right of B and that N has x-coordinates: 



We now determine the permissible values of A for each of the two locations. 

a > fxa 
> 



1' 



-1 < A < 



a < /j,a 
^ A < -1 



The situation is depicted in Figure 29. 
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A < — 1 (see Figure 30a) 



When Si— s>Ni, 9i ^ n and ^2 ^ tt . Then cos^i — |A|cos^2 = C leads 
to C = cos TT — |A| cos TT = — 1 + |A|. Therefore the equation for the line of force 
which passes through the neutral point Ni take form 



2 cos 1 -(71 
2 



cos 6^1 — |A| cos 6*2 



2 cos' ( ^02 



-1 + |A| 
■1 + |A| 



cos' ( -9i J = |A| cos 



(79) 



-1 < A < (see Figure 30b) 



When S2^N2, ^1 ^ and ^2 ^ . Then cos^i - |A|cos^2 = C leads 
to C = cosO — |A| cosO = 1 — |A|. Therefore the equation for the line of force 
which passes through the neutral point N2 take form 



l-2sin2(-^i 



|A| 



cos^i - |A|cose2 = 1-|A| 



l-2sin'(-^2) = 1-|A| 



sm'(^^i) = |A|sin' (^-9^ 



(ii) (a) When S2^A, 9i 
implies 



9o2 (say) and 6*2 — tt (see Figure 30b). Then Eq 



sm 
1 



'1^9 



2-01 
cos 6*01 



sm I -TT 



701 



cos-i(l -2|A|) 



^1) 



(b) When Si^B, 9i 
implies 



and 92 ^02 (say) (see Figure 30a). Then Eq.(!79!) 



cos'(O) = |A| 



|A| 



cos I -6*02 



COS ^1 



02 
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(82) 



(iii) Comparing Eq.(l8T]) with Eq.(l58]) and Eq.(l82]) with Eq.(l68]), we conclude that the 
line of force which passes through the neutral point (Ni) A/2 separates the lines 
going from A to B from those (coming to B) going from A (from infinity) to infinity. 
Complete situation is shown in Figures 31a and 31b. 




XI. A. The statement of the problem is depicted in Figure 32. Here we are assuming that /i > 1, 
without loss of generality. Now on using Sine Rule in AABQ (see Figure 33), we get 



sin (vr - ^62) 



sin (1^0 



AQ 

sin^ (i^i) 



BQ 

BQ2 



sm 



Eq.dSO]) ^ |A| 



AQ2 

BQ^ 
AQ2 



Thus, 



X — 2a 



X 



X 



[x — iiaf + y"^ 
{x — of' + y"^ 
/i-|A| 
1-|A| 

1-|A| 

l^-\M 
1-|A| 



|A| 



X + y 
2 



|A| 



|A|-/i^ 
1-|A| 

|A|-/i^ 
1-|A| 

1-|A| 



1-|A| 



expanding, 
completing the square, 
and finally. 
This circle has a (see Figure 34) 

Center: (C, 0) and Radius, R = 

where C = \^ 
One must now, from the above information, show that the x-coordinate of N is 



/i-|A| 
1-|A| 



a 



(see Eq.(I2HD) 
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x-coordinate of N 



C + R 
/i-|A| 
1-|A| 



a+ V|A| 



jj, — 1 



a{^i-^A^\) (l + v^) 



1-|A| 



/i-|A| 



x-coordinate of M 



C-R 

1-|A|J 

a 



1-|A| 



"~^Li-|A|J 

/i-|A|-/iv^+V^' 



AM 



|x-coordinate of M — a;-coordinate of A| 



/x-|A|-/iv/|A| + v/|A| 



a(/i-l) (l- VW) 



1-|A| 



BM 



Ix-coordinate of M — x-coordinate of B| 



1-|A| 
a (/.-I) (a- 



/x-|A|-/iv/|A| + v/|A| 



1-|A| 
lAl^^a 



AM _ a\fi-l\ H 
BM - l + ^'av^|/i-l| 
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AN = |a;-coordinate of N — x-coordinate of A| 



/i-i 



a — a 



1 



BN = Ix-coordinate of N — x-coordinate of B| 



|A| 
^-1 



AN 
BN 



a\fi — 1\ 



ay/\X\\fi-l\ 



^3) 



B. In order to look for the locus of points at which the lines of force are parallel to AB, the 
component of electric field perpendicular to AB must vanish. Thus setting Ey and 
to zero in Eq.([T]) and replacing A by — |A|, we get 



E„ 



E., 



qz 



[{x - aY -\- y'^ + z^Y [{x - iiaY + y'^ + z'^Y 
1 |A| 



[(x - a)2 + y2 _|_ 2;2]2 - nay + y"^ + z'^Y 

Either of the equations gives 

(x - /ia)^ + y"^ + z^ 



(x — a) + y"^ + z^ 



x^ 1-|A|3 +2a |A|3 x + y^ 1-|A|3 1-|A| 



|A| 



a' |A|3 -/i^ 
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Completing the square, 



- 2a 



/i-|A| 
1-|A| 



X + 



X — a 




1-|A|3 

This is the equation of a sphere with radius, 



2 I 2 

y +z 





fl — 1 




i-VW 


a 



and center 



/i-|A|^ 
1-|A|^ 



,0,0 



l-|A|i 
|A|^ {fl — 1) a 



1-|A| 



^-|A| 
1-|A| 



XII. A. Refer to Figures 35a, 35b and 35c. 



AS 
AR 



AR cos 6*1 
AS 

cos 6^1 



For R close to N: S 



BS 
BR 



N 



BR cos (tt — 
BS 

cos O2 



02) 



AR 



AN 

cos6'i 



BR 



BN 

cos 6*2 



For the component of electric field parallel to AB at a point R on the limiting line of 
force is 



^11 



AB 



Q n (±|A|g) , n \ 

COS 61 cos (tt - 62) 



AR2 

cos 9i 



AR' 



±|A| 



BR^ 

cos ^2 
BR2 



^5) 



Similarly, the component of electric field perpendicular to AB at a point R on the limiting 
line of force is 



E 



AB 



AR 



q . „ (±|A|g) . , „ , 
^si^^i + ^-EEI^sm {71-62) 



BR' 

sin 02 



AR' 



BR" 



(86) 
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Eqs.dHHl) and ((86]) implies 



sin6'i _^ sin ^2 

-Ell AD COS 6^1 _L I M COS 62 

II AB ^^±|A|-g^ 



Eq.(IHl 



sin 6^1 cos^ 6'i _j_ 1 \ 1 ^2 cos^ 6*2 
AN^ * * BN^ 

cos^ 6*1 i i \ i cos^ 02 
^'^'"BNT 

sin 9i cos^ 6'i _j_ 1 \ 1 si'^ ^2 cos^ 62 



cos'^ 6'i I I \ I cos^ 6'. 
^'^ ' ^AN 



Eq 



Finally, 

-E" I AR sin 9i cos^ ^1 ± sin 62 cos^ ^2 r f A > 

— ^ for < 

^11 AB cos3 ^1 ± cos3 ^2 \A<0 

We need to evaluate Eq. (!57!) when R os close to N, i.e., S— s>N, so that for 

^>0^(^2-vr' -^<^<04^2-0' ^<-'--{e2^n 
Taylor series expansion of a function, f{6) about the point 6 = 9^: 

m = m) + {0- 0o) + ^^p^ f"me=e, + - 

f{e) = cos ^, /'(e) = - sin e, f"{e) = -cose 

/WU = i, mi.=o = o, mi,=o = -i 

/(e) = sin e, f\e) = cos e, f"{e) = - sin e 

/WL=o = o, /'wi,=o = i' mu = -i 

m\e=. = 0, /'(e)|,_ = -l, /'(e)|,_ = 



cos 6* 




B7) 



9 about e = 
9 — tt) about 9 = 71 
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cos^ 9 ^ < 



39^ 



-1 + 



TT 



sin 9 cos 9 ^ < 



32 \ 2 



i9-n) 



-\ 2 



{9-7r) 



about 6* = 
about 9 = 71 

about 6* = 
about = TT 



(89) 



Using Eqs.dHH]) and 1^, we evaluate Eq.(IH7l) for A > 0, -1 < A < and A < -1 



^1 + [- {92 - n)] 



A > (about 6*1 = and 6*2 = tt) 
^±AB _ 



^11 



AB 





+ 


2 





3 (9o - tt) 



9i - (92 - vr) 



% - 4] 
9i - {92 - tt) 



- [9i - {92 - tt)] [9, + {92 - tt)] 



3 Vtt 



71 - (72 



(90) 



-1 < A < (about ^1 = and 92 = 0) 



E 



AB 



6*1 — 92 



^11 AB 










2 




2 



^1^ 



[91 - 91] 



h-0^){92 + 9,) 



3 V^l+^2 



(91) 
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A < — 1 (about 9i = n and 62 = rc) 

^±AB ^ [- {01 - 71)] - [- {02 - n)] 



En 



AB 



3 (^1 - tt) 
2 

(^2 - ^1) 



-1 



3 (02 - vr) 



I [{0, - - {02 - Trf] 



h-02 



- {01 - 02) {01 + 02- 27r) 



3 V^i + ^2-27r 



B. Setting 6*1 = 0, 6^2 = tt in Eq. 
Eq.(PD gives 



E 



AB 



^11 



00 ^ tan 



= 0, ^2 = in Eq.(ISI]) and 0i = n, 02 
1 / ^± AB 



(92) 



TT in 



AB 



^11 



tan ^(00) 



AB 



Therefore, the limiting line of force through N intersects AB at right angles. 



XIII. A. Here refer to Figures 36a, 36b and 36c. Recall that the coordinates of A, B and N are 



A: (a, 0,0), B:(/ia,0,0), N: 



1±V^ 

Let S(x,y,z) be any point on an equipotential surface. Then 



a,0,oj = (x^,0,0) for | 



r 

r cos 



X — X 



N 



X — X 



N 



The potentials, $ at the points S and N are given by 

q , ±(|A|g) 



S AS BS 



N AN 



BN 



s N AS BS Van bn 

$ _ $ 

S N 



(as an)^'^'(bs bn 



A > 
A < 



(93) 
(94) 



(95) 
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We next compute AS and BS. To that end 

AS^ = AN^ + P- 2rAN 
= AN^ 



COS^TT — 

COS 9 









1 + 













1 

AS 



1 

AN 



1+ ±2 f-^") cos^ 



VAN/ 



VAN/ 



1 



for 
for 

for 



A > 0, 
A < -1 
A > 0, 
A < -1 

A > 0, 
A < -1 



-1 < A < 
-1 < A < 

-1 < A < 



We now expand the expression for — in the limit r <^ AN (i.e. S close to N) using 

Mo 



nin — 1)9 



Setting, e = ±2 (^) cos ^+(^) , we get 



1 

AS 



(-1) (-1) 



1 2 



+ 



+ - 



±2— cos^+ ( — ) 

AN Van/ 
Van/ Van/ Van/ 

n3 



for 



for 



A > 0, -1 < A < 
A < -1 



A > 0, -1 < A < 
A < -1 



Neglecting terms (r/AN) and higher powers of (r/AN) , we get 



1 _ 1 
AS AN 

Similarly, 

BS^ = 



It 



r 

AN 



cos^ 



'Q^3cos'^<)-l)] for{ 



2 VAN/ 



A > 0, -1 < A < 
A < -1 



(96) 



BN2 + r2-2rAN 



cos^ 
CGsfyr — 



BN^ 



for 
for 



A>0, A < -1 
-1 < A < 

A>0, A<-1 
-1 < A < 



This expression for BS^ is the same as AS^ given on the previous page, provided we make 
the following transformation 

AN BN, AS ^ BS, ^ cos ^ ^ ± cos 9. 

Hence this transformation in Eq.(l96l) gives 



1 _ 1 

BS BN 



^±BN^°^^+2lBNj (3-^^-1) 



for.\V,A<-l ^^^^ 
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We now evaluate Eg. (1951) using Eqs.(j96i) and ( !97|) for each of cases where A > 0, 

-1 < A < and A < -1: 



1 

AN 

3 

BN 



T 1 / 7* \ ^ 

1 - TT7 cos ^ + - — (3 COS^ 
O \ AM / V 



2 VAN/ 

1 / r \ 2 



9-1) 



BN 2 VBN/ ^ 



1) 



1 

AN 

\A 

BN 



(A>0) 



S N 



1 

AN 

\A 

BN 



— COS 6* I , , 

AN 2 Van; 

-BN^°^^+2(bn) (3^°^^^ 



1) 



1 

AN 

R 

BN 



-1 < A < 0) 



1 

AN 

\A 

BN 



^ 1 / r \2 

AN^°^^+2 1anJ 
r 



(3cos^^- 1) 



BN 



1 + — COS0+ ^ (^\^ (Scos^^- 1) 



1 

AN 



+ 



BN 



2 VBN7 

2VBN; (3"^^9-1) 



1 

AN 
BN 



y, 1 / r \2 

AN^°^^+2UJ 

'^cos^^lr^V 
BN 



(A<-1) 



(A>0) 



S N 



1 

AN 
BN 



T \ / T 

— cos^ + -( — ) (Scos^^-l) 



BN 



2 VAN/ 



cos 



-1 < A < 0) 



1 

AN 

A 

BN 



AN ' 2 VANV 



1 / 7* \ ^ 

— cos^ + -( — ) (3cos2^-l) 
BN 2 VBN/ ^ ' 



(A<-1) 



On using Eq.(IHS]): BN = AN^^ above, we get 
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S N 



AN 



S N 



~T77 COS I 

AN 



AN VAN/ ^ ' 



-AN^°^^+2(an) i^^^^'^-') 



(A>0) 



r 1 1 

-— - cos6' - - 
AN 



-1 < A < 0) 



2^ Van; 



T 1 / 7* \ ^ 

— cos^ + -( — ) (Scos^^-l) 
AN 2 VAN/ ^ ^ 



an""" 2^ van; 

2 VAN/ ^ ^ 



(A<-1) 



AN 



1 - 



One can now write this last expression as 

2 AN^ / 



3r^ cos^ 9 — 



q Iv^^niV'^S "^N 



(A>0) 



(A<0) 



A > 
A < 



The expression for AN can be calculated from Eq 



AN 



x-coordinate of N ( a;|^ ) — x-coordinate of A 



^± V|A| 



l±v/|A| 
^-1 



a — a 



A > 
A < 



(9^ 



On using Eqs.(|93]), (EID and ((98 



3 I X — X 



N 



2a^ 



/i — 1 



^/\M±Ti V S N 



A > 
A < 
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\ 2 2 



where k 



and X 



N 



K 

Q 



/i — 1 



A > 
A < 



N 



(99) 

A > 
A < 



CASE 1. K = 



Eq.(PD gives 



2 ( X — X 



N 



y2 - ^2 = 



2 ( x — X 



N 



2 I 2 

2/ +z 



This is an equation for a r/g'/7t circular cone with it vertex at x = x 



CASE 2. K > 



Replacing k by in Eq.(!99l) we get 



N 



(100) 



2 { X — X 



N 



2 2 I I 

y — z = \k\ 



X — X 



N 



2 2 
^ _ _ 

IkI IkI 



(101) 



This is an equation for a hyperboloid of revolution of two sheets about the line of 
charges, AB. 

CASE 3. K<0 

Replacing k by —\k\ in Eq.(l^ we get 



2 { X — X 



N 



2 2 



\K\ 
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This is an equation for a hyperboloid of revolution of one sheet about the line of 
charges, AB. 

All the three cases are demonstrated in Figure 37. 



B. In the xy-plane {z = 0), Eq. dlOOp implies 



2 ( X — X. 



identifying this last equation with that of straight line:y = (± tan a) a; + 6 gives 

tana = V2 



a 



See Figure 37. 
C. In the xy-p\ane {z = 0), Eq. (!99l) implies 

2 I X — X 



N 



y = 



Taking the derivative of this last equation w.r.t. x, 



A { X — X 



N 



ax ax 



2 i X — X 



N 



This is the slope of a tangent line to an equipotential curve near N at the point {x,y). 
Therefore, the slope of a tangent line to a line of force at the same point will be 

dy _ -1 

dx 



2 { X — X 



N 



y 

This is because line of force is perpendicular to its corresponding equipotential curve. 
Thus, 



dy 

y 

\ny 

y 



dx 



X — X 



N 



— - In — ) + In(Constant) 



X — X 



N 



■ Constant 
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Using the expression for x^, we obtain 





X - ^^-= a 


= Constant 







PROBLEM 2 



I. A. (i) Refer to Figure 38. The equations of motion for the charges (mi = m, qi = q) and 

(m2 = am, q2 = Xq) are 

cPx2 qiq2 
m2- 



cPxi 



{X2 - Xi) 

(I1Q2 
{X2 - XiY 



Multiplying the first equation by mi and second by m2 and subtracting we get 



at [x2 - xi) 



mi + m2 



mim2 



Defining x = X2 — xi and noting that 
the last equation can be written as 

d^x _ uj _ Xq^ X{a+ 1) 

Now, 



a 



ma 



m 



a 



(103) 



d'^x 
1^ 



d I dx 
dt \ dt 

d^x 



dv dx dv 
dt dt dx 



dv d 
dx dx \2 



With this expression for -— in Eq. (11031) . we have 

(JjL 



dx 



1 2 ^ ^ 

2 X 

The constant of integration Ci is determined from the given initial conditions: v = 

at X = Xq = Xq2 — Xqi = a{fi — 1). This gives Ci = uj/xq. Therefore, 

2 



1 fdx 
2\~di 



1 1 

Xq X 
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CASE 1: A < (A = -|A|) 



|A|g^ A(a + l) 
a; = = —\uj\ 



m a 



at \l \ xxq 



Choosing the negative sign, we get 



X 



dx 



X 



'2H 



dt 



The result for the left hand side integral is proven in the appendix (see Eq.()). 
Performing the integration in the last equation above, we obtain. 



Xq sm 




+ a/x (xo — x) 



'2M 

Xo 



t + Co. 



The constant of integration C2 can easily be found from the information that 
t = 0, X = Xq. This gives C2 = Xo7r/2. Thus 



'2|ci;| Xovr 

1 = — Xo sm 

xo 2 



- Vx(xo - x) 



■ r / -i , , |A|g^A((7+ 1) ^ . 

Inserting expressions tor xq = a(/i — 1) and \uj\ = , we obtain 



m a 



ma a{fi-l) j a 



TT — sm 



-1 



2x 



a(/i - 1) 



\/ X [a(yU — 1) — x] 



(104) 



CASE 2: A > (A = |A|) 



|A|g^ A(a + l) 
oj = = u; 



m a 



Ut v \ XXq 
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Choosing the positive sign, we get 



X 



\/x — Xq 



dx 



'2H 



dt 



The result for the left hand side integral is proven in the appendix (see Eq.()). 
Performing the integration in the last equation above, we obtain. 



-Xq cosh 



'2x _ ^ 

Xq 



+ \/x[x- Xq] 



2|^| 

Xq 



Again the constant of integration, C3 is obtained using the initial condition: at 
t = 0, X = Xq. This gives C3 = 0. As before, inserting the expression for xq 
and \uj\, we finally obtain. 



, ma a(a — 1) f 1 , , ,1 
t= xl —TTT^ ^ <! -a(/i - 1) cosh"^ 



2g2|A|(a+l) 1^2 



2x 



a(/i — 1) 



- 1 



+ >yx[x - a{fi - 1)] 



(ii) On collision, x = 0. With this value for x, the time for collision is easily obtained 
from Eq.dMD: 



a(yU — 1) ma a{n — 1) 
tr = ; 7r4 



2g2|A|(a + l) 



B. (i) With the information provided in the statement of the problem, one can write the 
equations of motion for the charges as 



dt (x2 - XiY 



dt [x2 - Xif 

Here P2 = P and (3=1. Multiplying the first equation by /?i and second by (32 and 
subtracting we get 



d_ 
di 



{X2 - Xi] 



Pi + (32\ qiq2 



J {X2 — XiY 



dx _ ^X{l + (3) 1 
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CASE 1: A < (A = -|A|) 



dx = —q 



m+p) 



X 



2 \m+p) 



dt 



Using the initial condition: t = 0, x = Xq, gives C4 = Xq/3. With this value 
for C4, we get 



t 



3g2|A|(l+/3) 



-x^ 



(105) 



CASE 2: A > (A = |A|) 



x^ dx = q 



:|A|(l + /3) 



X 



2m+p) 
p 



dt 



t + C,. 



Using the initial conditions gives for C5 = xl/3. Thus 



P 



3g2|A|(l + /5) 



X 



(ii) On collision, x = 0. With this value for x, the time for collision is easily obtained 
from Eq.flTOSl): 



24g2|A|(/5+l) 



A. For this part of the problem we set: A = |A|. The situation is sketched in Figure 39a. The 
free-body diagram of the charge |A|g is shown in Figure 39b. Application of Newton's 
second law immediately gives 



T — [F + amg cos 1 



m- 



l 



Here v is the tangential velocity of the charge at the instant the string makes an angle 
6 with the downward vertical. / is the length of the string given by a(yU — 1). F is the 



coulomb force between the charges and it is given by 



At the highest point 



where 9 = n, the tension, Tb. and the velocity vb^ are related by 



mv 
~l 
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amg 



/2 



In order to find the minimum speed of the charge |A|g at the point Bh to make one 
complete revolution, we set TbJ^]^^ = in the last equation to get 



m V 



Chimin , IMq'^ 

- — amg ' 



I 



V 



-Bh Imin 



agl 



ml 



(106) 



Conservation of mechanical energy between the points Bq and (see Figures 40a and 
40b) gives 



1 2 I 

^Bolmin 



+ amgl{l — cos a) = -am v\ 



2- ^.imin+2^^^^ 



mm 



Imin 



2(7/(1 + cos a) 



On using Eq. (ll06p we get 



mm 



agl 



ml 



2gl{ \ + cos a) 



Finally using / = a(/i — 1) we get 



mm 



' ga{^ - l){a + 2 + 2cosa) 



ma{ji — 1) 



B. The situation is depicted in Figure 41a. Using the free-body (Figure 41b) for the system 
one can write down the Newton's second law: 



^system = qE ~ \X\qE = (m + am)^ 
^ _ qE{l-\\\) 

— r a — ~ T 

m[\ + a) 



(107) 



Here, a represents the common acceleration of the two charges. Next consider the net 
force on anyone of the charges (say q). From Figure 41c we have 



Eqs.(lTU7l) and (fTPHl) gives 



- QE p- - ma 

^ \X\q' 
m mP 



qE{l-\X\) qE \X\q' 



m (1 + a) m mP 
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simplifying, 



On using / = a(/i — 1), we get 



aV Eq (t+\\\ 



III. See Figure 42. Newton's second law in angular form gives 



-a] 



Here, the left hand side represents sum of the torques about the pivot 0. / is the moment of 
inertia of the system about and perpendicular to the length of the rod and a represents the 
angular acceleration of the system. The negative sign signifies that the angular displacement 
is opposite to the angular acceleration. Thus, 



\\\qE ( ^sin^ j + qE f ^sin^ 



The moment of inertia is calculated to be 



I = m 



am 



(1 + ^) 



Thus, 



2qE{l + \X\y 
ml{l + a) 



sine = 



For small 9, the angular frequency, u is 

2 2qE{l + \X\) 



CO 



ml{l + a) 



2tt 

and the period of small oscillations, T(= — ) is 

LaJ 



T = 27ri 



ma (/i — 1)((T + 1) 
2^0 |A + 1| 
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Appendix 



Proof: 



da 



2nI 



da 



a 



(3 sec^ 7 



(/52tan2 7 + /32)2 
(3 sec^ 7 



(^7 



sec^ 7 



(i7 



1 



cos 7 (i7 



.2 sin 7 



/52 
1 

1 a 



(109) 



(a = /? tan 'j ^ da = P sec^ 7 ^7) 



(see Figure 43) 



.,2 _ ^,2 



a^ — 7^ 



(i7 = — sin ^ ( — 

a 



Va^+P^ . _i / /3 /a' -7' 



sm — i 



a V + 7' 



(110) 



Proof: 



— 7^ 
■2 I ,2 



/5^ + 7 



dj 



Y^a^ — 7^ Y^a^ — 7^ 
1 



— 7^ 



ci7 



(i7 



— 7^ 



/?2 + 72 



7^ + /?^j'" 



(/?2 + 72) v/a2-7 



: (i7 



where, 



Therefore, 



I, = - 1 -^^==d^ and h = {a' + P')l 



1 



(/32+72) v/«2_^ 



: (i7 



/l 



a2 — 72 



d'-f 
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ot COS 

dO (7 = a sin 6* ^ (i7 = a cos 6 dO) 

a cos 6 



— sin ^ 



To evaluate I2, we use the substitution 



f q;2 _ ^2 



\ /-^-o/l 27 



dfri _ V2 y/^^^; ^ V2 ^"^^^ 

d'j + 72 

7 1 



(/52 + 72) - 72 a2 + ^2 ^ ^ 

Further, 



y;^2^ (/32 + y)^/^^^ 

dr] 



1' 



/?2 + 72 «2 ^ ^2 1 ^ ^2 



^2-72 
/?2 + 72 
^2 - /32ry2 

1 + r/2 

a2 + /?2 



72 1 + 772 a2 — /32?72 

v/^2^ _ / a2 + /32 



7 y a2 _ ^2^2 



Thus, 



^7 1 / a2 + ^2 

a77 



(/32 + 72) y^^^:^ a2 + ^2 y C.2 _ ^2^2 



^ ^ ^ (/?2 + ^2) ^a2 - 72 
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: drj 



y/a^ + /32 r a/ [5 cose' 

■ du 



(3 J a/ (3 cos 6' 



sm —\ 



OL a 
T] = —sinO' ^ drj = — cos 9'd6' 

P P 



Proof: 



a 




\J P - a 



: da 



-/P sin 9 {2/3 sin ^ cos ( 

^/J3 COS 9 



2(3 / sin^ 9 d9 



-d9 



(111) 



{a = (3 siv? 9 ^ da = 2(3 sin 9 cos 9 d9^ 



^ , , 1 — cos26'\ ,^ 
2/3 / ( 1 d9 

sin 2^ 



P 9 + 



/3{9 + sin ^ cos 9) 



a 



(3 sin"^ (yf) + V^" (/^ 



(see Figure44) 



Proof: 




(112) 



a 



A/a - /? 



da 



\/ a^ — 13a 



da 
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Note that 



Need to write: 



da 



[a^ - (3a) = 2a- f3 



a = X (2a — (3) + fi 
Comparing coefficients we get: A = 1/2 and ^ = 1/2/3. Thus, 



a 



\/a- (3 



da 



1/2 {2a -(3) + 1/2(3 



a/o^ — (3a 
1 



.da-\ — 



If 2a -(3 



— (3a 2 J ^Q,2 — 



h + h 



: da 



where, 



Therefore, 



and 



h 



2' 



a^ — (3a 



da and lo 



If 2a -P 



2 J a^ — Pa 



da 



1 



a/q;^ — Pa 
1 



da 



: da 



1 

a — -a 



1 



P 



;P 



2 
dv 



1 r 1/2/3 sinhg 
2' J 1/2/3 sinh^ 

-/3cosh~^ ' 



d9 



V = a — -/3 =^ dv = da 



1 1 
V = -P cosh 6 ^ dv = -/3 sinh 6 dO 



1 



-P cosh" 



/5 

1 /2tt 
7 



1 /■ 2a -/3 
2 
1 



^Ja^ — Pa 
1 



da 



27 01 



(n = a^ — Pa =^ du = (2a — /3)) 
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= \fu 

= \/a{a — (3) 
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